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Difference Posets, Effects, and Quantum
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Difference posets as generalizations of quantum logics, orthoalgebras, and
effects are studied. Observables and measures generalizing normalized POV-
measures and generalized measures on sets of effects are introduced. Character-
ization of orthomodularity of subsets of a difference poset in terms of triangle
closedness and regularity of these subsets enables us to characterize observables
with a Boolean range. Boolean powers of difference posets are investigated; they
have similar properties to that of tensor products, and their connection with
quantum measurements is studied.

1. INTRODUCTION

For the mathematical foundations of quantum mechanics, a Hilbert
space model plays, according to von Neumann (1932), an important role,
and we recall that Mackey (1963, Axiom VII and p. 73) assumed that the
set of all quantum mechanical events is isomorphic to the space of all closed
subspaces, L(H), of a separable, complex, infinite-dimensional Hilbert space
H. In the historic paper of Birkhoff and von Neumann (1936), the notion
of quantum logics was introduced. Now quantum logics generalize both
models of classical mechanics, Boolean algebras [ =Kolmogorov (1933)
model] and that of Hilbert space quantum mechanics.

If L describes a propositional system of a physical system, then an
observable is represented by a suitable morphism x from some o-algebra &
of subsets of a nonvoid set X into L; preferably we use X = R and & is the
Borel o-algebra #(R) of the real line R, or X =R" and & = #(R"), and a
state of the system is characterized by an additive, ¢-additive or completely
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additive real-valued mapping on L. This in classical mechanics leads to
measurable functions (=random variables) and in the Hilbert space model
to self-adjoint operators, and probability measures or Gleason measures,
respectively.

More general structures, orthoalgebras, have been introduced by Ran-
dall and Foulis (1979, 1981), and they enable one to introduce a tensor
product of orthoalgebras (Foulis and Bennett, n.d.), which is an important
tool for coupled systems.

Events of quantum logics or orthoalgebras have a “yes—no” character
and therefore they do not describe unsharp measurements. The effort to
include them leads in Hilbert space quantum mechanics to the set of all
effects (Busch et al., 1991), i.e., to the set &(H) of all Hermitian operators
with spectra in the interval [0, 1]. Then “yes—no™ events, i.c., those having
spectrum in the two-point set {0, 1}, correspond to orthogonal projection
operators on H, and L(H) < £(H), and an unsharp measurement is repre-
sented by a POV-measure.

Recently there has appeared a new mathematical model, difference
posets (or D-posets, for short), introduced by K6pka and Chovanec (1994),
which generalizes quantum logics and orthoalgebras as well as the set of
effects, and which was inspired by an investigation of the possibility of
introducing fuzzy set ideas to quantum structures models (K6pka, 1992).
In this model, the difference operation is a primary notion from which we
derive other, usual notions important for measurements.

The aim of the present paper is the investigation of difference posets
from the point of view of applications for quantum measurements. We
study observables and states, and show their connection with POV-mea-
sures in the set of effects. Conditions in order that observables have a
Boolean range will be presented; this part generalizes results by Lahti and
Maczynski (1992). Finally, we study Boolean powers of difference posets
which can model a coupled system consisting of a microscopic unsharp
quantum structure and a measuring apparatus.

2. DIFFERENCE POSETS

A D-poset, or a difference poset, is a partially ordered set L with a
partial ordering <, greatest element 1, and partial binary operation
©: L x L - L, called a difference, such that, for a, b € L, b Sa is defined
if and only if a < b; the following axioms hold for a, b, c € L:

(DPi) bBac<h.
(DPil) b (b©Qa) =a.
(DPiii) asb<c = cOb<cBOaand (cQa)O(cBb) =bOa.
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The following statements have been provided in Kopka and Chovanec
(1994):

Proposition 2.1. Let a, b, ¢, d be elements of a D-poset L. Then:

(i) 161 is the least element of L; denote it by 0.

(i) a©0=a.

(i) a®a=0.

(iv) a<b = bBa=0< b=a

(V) a<bhb = bOa=b <= a=0.

(vi) a<b<c¢c=bhOascBaand (cOa)ObBGa)=cbh.
(vi) b<c,a<c@b = b<cBaand (cOb)Oa=(cOa)Ob.
(vill) a<b<c¢=>a<cO0bOa)and (cEMLBOa)Sa=cObh.

Remark 2.2 (Navara and Ptak, n.d.). A poset L with least and greatest
elements 0 and 1, respectively, and with a partial binary operation
©:L x L - L, where b Sa is defined iff a < b, such that for a, b, c € L we
have

(i) a©0=a
(ii) ifas<bsc, thencOb<cBaand (cBa)B(cOb)=bOaisa
D-poset.

For any element a € L we put
at:=10a

Then (i) att = a; (ii) a < b implies b+ < a*. Two elements ¢ and b of L
are orthogonal, and we write g L b, iff a < b+ (iff b < a?).

Now we introduce a binary operation @:L x L — L such that an
element ¢c =a @b in L is defined iff @ L b, and for ¢ we have b < ¢ and
a =c¢©b. The partial operation @ is defined correctly because if there
exists ¢; € L with b < ¢; and a = ¢; © b, then, by (viii) of Proposition 2.1
and (DPii), we have

(1eCceh))eb=109c=(10(,eh»)b=10¢
which implies ¢ = ¢,. Moreover,
a®b=(@'oebt=0eat 2.1

Indeed, denote by x = (a* ©b)*. From (vii) of Proposition 2.1, we con-
clude that x = (b1 @a)t. Therefore, x* =a+Sb, which means a < x,
analogously, b <x. Calculate xQa=(10(}*Ca)Qa=10bt=b
when we have used (viii) of Proposition 2.1.
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The operation @ is commutative (this is evident) and associative:
suppose that y =a @b and z = (a ®b) D c exist in L. By (DPiii) we have

(z0a)©(z0)y)=y©Oa
(z©a)©Oc=b
zQa=b®cel
z=a@®b®c)el

Very important examples of difference posets are orthomodular posets
(=quantum logics), orthoalgebras, and sets of effects.

3. ORTHOMODULAR POSETS

An orthomodular poset (OMP) is a partially ordered set L with an
ordering <, the minimal and maximal elements 0 and 1, respectively, and
an orthocomplementation L: L — L such that

(OMi) gt*=aforanyacl.
(OMii)) ava*-=1foranyacl.
(OMiii) If @ <b, then b+ < qg*.
(OMiv) If @ <b* (and we write a L. b), thena v b e L.
(OMv) Ifa<b, then b=a v (a v b*)* (orthomodular law).

If in an orthomodular poset L the join of any sequence (any system)
of mutually orthogonal elements exists, we say that L is a o-orthomodular
poset (a complete orthomodular poset). An orthomodular lattice is an
orthomodular poset L such that, for any a, b € L, a v b exists in L (using
the de Morgan laws, a A b exists in L, too). A distributive orthomodular
lattice is called a Boolean algebra. We recall that an orthomodular lattice L
is a Boolean algebra iff for any pair a, b € L there are three mutually
orthogonal elements a;, b,, ¢ € L such that a =a, ve, b =5, vc. For
more details concerning orthomodular posets and lattices see, e.g., Kalm-
bach (1983) and Ptak and Pulmannova (1991).

One of the most important cases of orthomodular lattices is the system
of all closed subspaces, L(H), of a real or complex Hilbert space H, with
an inner product (-, -).. Here the partial ordering < is induced by the
natural set-theoretic inclusion, and M*={xe H:(x,y)=0 for any
y € M}. Then L(H) is a complete orthomodular lattice, which is not a
Boolean algebra, if dim H # 1. This structure plays a crucial role in
axiomatic foundations of quantum mechanics.

If for two elements a, b of an OMP L, with a < b, we define by (OMyv)

b®a=(@vbHt

then L with <, 1, and © is a difference poset.
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4. ORTHOALGEBRAS

An orthoalgebra is a set L with two particular elements 0, 1, and with
a partial binary operation @: L x L — L such that for all a, b, c € L we
have:

(OA1) Ifa®@belL, thenb®ael and a® b = b @ a (commutativ-
ity).
(OAil)) If b@celL and a®b®c)elL, then a®belL and
(@a®b)®celL,and a® (b Dc) =(a ®b) ® c (associativity).
(OAiii) for any a € L there is a unique b € L such that a@®b is
defined, and a @ b =1 (orthocomplementation).
(OAiv) If a®a is defined, then a =0 (consistency).

If the assumptions of (ii) are satisfied, we write a ®b @ ¢ for the
element (¢ ®@b) BDc=a®Db®c)in L.

Let @ and b be two elements of an orthoalgebra L. We say that (i) a
is orthogonal to b and write a L b iff a @ b is defined in L; (ii) a is less or
equal b and write a < b iff there exists an element ¢ € L such that a L ¢ and
a @®c = b (in this case we also write b = a); (iii) & is the orthocomplement
of a iff b is a (unique) element of L such that b L aand a @b =1, and it
is written as a*.

If a < b, for the element ¢ in (ii) with a@ ¢ =b we write ¢ =b Oa,
and c is called the difference of a in b. It is evident that

bOa=(a@bH)t 4.1
In Foulis ez al. (1992) there are proofs of the following statements:

Proposition 4.1. Let a, b, and ¢ be elements of an orthoalgebra L.
Then:

(i) alb<=bla
(i) ala = a=0.
(ii) all « a=0.
(iv) att=a.
(v) 1*=0and 0+ =1,
(vi) alb =>al@®b),a®@db)t=>".
(vi) alb < a<b*
(viii) a<bh = b=a@@®bH)*.
(ix) a®@b=a®c = b=c.
(x) a®b<a®c = b=c
(xi) 0<a<1,and < is a partial ordering on L.
(xii) a<b = bt <at
(xiii) arnat=0,avat=1.
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(xiv) alb avbeL = a®b=avbh.
xv) at=10a.

(xvi) a<bhb < b=a®bBOOa).

(xvil) a=aB0.

(xvil) a<b<c = (cOH)EBOa)=cOa.
(xix) as<b<c = (cOQa)B (O =bOua.

We see that if L is an orthomodular poset and a @ b:=a v b whenever
a L bin L, then L with 0, 1, @ is an orthoalgebra. The converse statement
does not hold, in general, as it follows from the example of R. Wright
(Foulis et al., 1992):

Example 4.2. Let L={0,1,a,b,¢c,e,f,at,b*, c*, d* e, f*} with
a®b=d@e=c*, bDc=e@®f=a', c®d=fDa=¢e*, c@e=d",
a®@c=>b*, e@a=f* is an orthoalgebra that is not an orthomodular
poset.

We recall that an orthoalgebra L is an OMP iff a 1 b implies
avbel.

It is evident that any orthoalgebra L is a D-poset when a difference &
is defined by (4.1). Indeed, (DPi) and (DPii) are trivially satisfied, and
(DPiii) follows from (xix) of Proposition 4.1.

By Navara and Ptak (n.d.), we conclude that a D-poset L with 0, 1,
and @, defined by (2.1), is an orthoalgebra if and only if a £ 1 © a implies
a = 0. Therefore, it is not hard to give many examples of D-posets which
are not orthoalgebras; such ones are sets of effects.

5. SETS OF EFFECTS

The general line of this section is that the description of a physical
system is based on a probabilistic duality of states and effects (Ludwig,
1983). It means the approach where the set of states of a physical system
is represented as the base K of a base-norm Banach space (E, K).

We recall that E is supposed to be a real linear space and K is base, i.c.,
a convex subset of E such that x, y € K, s, t 2 0 with sx =ty imply s = ¢,
and lin(K) = E, where lin means the linear span over given set. Then there
is a unique linear functional e: E — R such that e(x) =1 for any x € K. For
this Minkowski functional e we have, for any x € E, e(x) =inf{t 2 0: xe
tcon(Ku —K)}, where con means the convex hull. Putting |x| =

|x[lx=e(x), | - || is a semi norm on E which is additive on K. Supposing
that || - || is a norm on E, we call (E, K) a base-norm space. Providing E is
a complete normed space with respect to | - ||, (E, K) is called a base-norm

Banach space [for more details, see, e.g., Alfsen (1972)].
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Let E* denote the Banach dual space corresponding to the base-norm
Banach space (E, K). We write, for two linear functionals f, g e E*, f<g
iff f(x) < g{x), x € E. Since K is generating for E, we conclude that f < g iff
f(x) < g(x), x € K. The Minkowski functional e belongs to E*, and e is an
order-unit for E*, i.e., for any fe E* there is an integer n such that
—ne < f<ne, and (E*, <, ¢) is called an order-unit space with the sup-
norm ”f" = Supﬂx” < l|f(x)| = S5UP; e Klf(x) 7f€ E*.

An effect is an element of the order-unit interval & =&(E)=
{fe E* 0 <f<e}, where o is the zero functional. The set of all effects
6(E) is a poset with the minimal and maximal elements ¢ and e, respec-
tively, and weak *-compact. The set of all its extreme points, Ext(£), has
the following properties: if f e Ext(£), then e —f € Ext(£), the following
join and meet exist in Ext(§), and fv(e—f)=e, fA(e—f)=o0, and,
according to the Krein—Milman theorem, any element of & can be weak
*-approximated by finite convex combinations of elements of Ext(&).

An o-observable is a mapping A: B(R) — &(E) such that A(}) = o,
A(R) =e, and A({J2, X;) =), A(X;) for any sequence of mutually
disjoint sets X; € Z(R) (with the sum converging in the weak *-topology of
E*).

A mapping p from the set £(F) into the real interval [0, 1] such that
(i) we) =1 and (i) if ) ,.,f; <e (in the weak *-topology of E*), then
u e /) =Y e f;) is said to be a finitely additive, o-additive, or
completely additive state, respectively, whenever the index set 7 in (ii) is
always finite, countable, or arbitrary.

Remark 5.1. Tt is easy to see that if for two effects f, g € £(E) with
f<g, we define g ©f=g —f, then £(E) with <, ¢, and & is a difference
poset.

Remark 5.2. The Hilbert space quantum mechanics is an important
example of the above general framework of base-norm Banach spaces.
Here we put E = Tr(H), the set of all Hermitian trace class operators on H,
and K is the set of all von Neumann operators on H. Then the dual E* can
be identified with the set of all Hermitian operators on H, and e corre-
sponds now to the identical operator 7 on H. The set of all effects, £(H),
is thus the set of all Hermitian operators between O and I, and the set of
all extreme effects corresponds to the set of all orthogonal projection
operators on H. In addition, any o-observable on &(H) corresponds to a
so-called POV-measure (Busch et al., 1991), and if dim H # 2, any com-
pletely additive state 4 on &(H) is in a one-to-one correspondence with a
von Neumann operator T on H (Busch et al., 1991; Dvurecenskij, 1993) via

w(P) =tr(TP), Pe&(H) (5.1
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It is worth noting that if P, Q are two orthogonal projectors on H,
then P A Q and P v Q exist in L(H) as well as in £(H),? and both meets
and joins are identical. Indeed, let B be a positive Hermitian operator on
H such that B < P, Q. Let M and N be ranges of P and Q, respectively,
and let C = B'?. Since |Cx|*<|Px|? C and hence B vanish on M*.
Similarly B vanishes on N+ and therefore B =0 on (M n N)*, which means
that B is invariant on M NN, and for x e M NN, (Bx, x) < ||x|?, so that
B < R:=P A Q, where R is the orthogonal projector onto M ~ N,

The assertion for join follows from the de Morgan law. Moreover,
&(H) is not a lattice if dim H > 1 (Cattaneo and Nistico, 1989).

In Sections 6 and 7, we show that notions of g-observables and states
coincide with those for general difference posets.

6. MEASURES ON DIFFERENCE POSETS

The general notions of group-valued measures on D-posets have been
introduced in DvureCenskij and Riean (1994). For our aims we introduce
the following notions.

Let F={a,,...,a,} be a finite sequence in L. Recursively we define
fornz=3

4@ ®a,=a,® Da,_,) Da, (6.1)

supposing that ¢, ® - ®@a,_, and (¢; D - Da,_,) Da, exist in L. From
the associativity of @ in D-posets we conclude that (6.1) is correct-
ly defined. Definitorically we put ¢, @ --@®a,=4, if r=1, and
4a®  @a,=0 if n=0. Then for any permutation (i,...,i,) of
(1,...,n) and any k with 1 £k <»n we have

a® - @a,=q @  ®a, (6.2)
4@ Da,=@,@® Pa)®D(@., D Da,) (6.3)

We say that a finite sequence F = {a,,...,q,} of Lis @ -orthogonal
if g, ® - -@Pa, exists in L. In this case we say that ¥ has a @D -sum,
@ 7_, a,, defined via

@ai=a,@'--@an (6.9
i=1

It is clear that two elements a and b of L are orthogonal, i.e., a 1 b,
iff {a, b} is @ -orthogonal.

An arbitrary system G = {a,};., of not necessarily different elements
of L is @ -orthogonal iff, for every finite subset F of I, the system {a; };c r

2[(H) can be identified with the P(H) of all orthogonal projectors on H.
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is @ -orthogonal. If G = {q,},., is @ -orthogonal, so is any {a,},., for
any J = 1. An @ -orthogonal system G = {4;};., of L hasa @ -sum in L,
written as @,_, a,, iff in L there exists the join

(’B ai’=\// @ a; (6.5)

iel F ieF

where F runs over all finite subsets in /. In this case, we also write
@ G:= @ie 18-

It is evident that if G={a;,...,a,} is @ -orthogonal, then the
@ -sums defined by (6.4) and (6.5) coincide.

We say that a D-poset L is a complete D-poset (o-D-poset) if, for any
@ -orthogonal system (any countable @ -orthogonal sequence) G of L,
there exists the @ -sum in L. It is straightforward to verify that a D-poset
L is a D-g-poset if, for any sequence {a,} in L with @, < a, <- - -, the join
V2, a; exists in L.

A mapping pu: L —[0, 1] such that (i) g(1) =1 and (i) p(D,., a,) =
Y ieria) if {a;};c,is @ -orthogonal with the @ -sum @, a; in L, is
said to be a finitely additive, o-additive, or completely additive state,
respectively, whenever (ii) holds for any finite, countable, or arbitrary index
set I

It is evident that a mapping u: L —[0, 1] is a finitely additive state on
L iff (i) p(1) =1, (ii) ud ©a) = u(b) — wa) if a < b, and if, in addition,
(iii) a, /*a (ie., ay<a;<---, \/,a,=a), then u(a,) / u(a), then u is
g-additive.

We recall that it is not hard to verify that these notions of states
coincide with the usual ones for OMPs, orthoalgebras, and effects.

7. OBSERVABLES IN DIFFERENCE POSETS

A mapping x: #Z(R) into a D-poset L such that (i) x(R) =1 and
(i) x(E) L x(F) whenever EnF=0, E,Fe#(R), and x(EUF)=
x(E) @ x(F), is said to be an observable.® It is easy to see that x(@) =0,
x(R\E) = x(E)*, E€&(R), and x(| )i, E;) = @ 7., x(E;) whenever
EnE=0forl<i<j<n

If (ii) in the definition of observables is changed to the requirement
(i))* {x(E;)} is @ -orthogonal whenever {E,} is a sequence of mutually
disjoint subsets from #(R), and x(| 2, E;) = @ =, x(E,), we say that x
is a o-observable. It is straightforward to see that previous notions of
g-observables for effects coincide with ours. Moreover, a map x: Z(R) - L

3More generally, (R, #(R)) can be changed to a measurable space (Q, ), and (Q, %) is said
to be a value space of the observable x.
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is a o-observable iff (i) x(R) =1, (ii) if £ < F, then x(E) < x(F) and
X(F\E) = x(F) © x(E), and (iii) if E, /" E, then x(E,) / x(E) (K6pka and
Chovanec, 1994).

In addition, if u is a o-additive state on a D-o-poset L and x is a
g-observable of L, then y,: E +— u(x(E)), E € #(R), is a usual probability
measure on #(R), and via pu(x) = jR t du, (1) we can define a mean value of
x in p supposing that the latter integral exists and is finite.

To give some examples of observables, we present the following
notation and propositions.

Let, for any t € T, A, = {a}}, ; be a system of not necessarily different
elements in L, such that I,nI, =@ for ¢t #s, t,seT. Then, for 4 =
{al}ic i1 r we shall write 4:= U¢er 4.

Proposition 7.1. I A ={a;},.,and B = {b;},_,, with InJ = §, are two
systems of a D-poset L such that 4 & Bis @® -orthogonal and @ A4 and
P B exist in L, then @ (4 O B) exists in L, and

DUUB=D1eo DB (7.1)

Proof. First we show that @ 4 L @ B. Indeed, since for any n, m
we have @7, 4,® @]_,b eL, we have @,_,a <@, b)t, so
that @4 < (D7 b)*, which gives b < (@A), so that
@BL DA

Itxsclearthat@,_la(-B(-B S@A@C—BB Now let ¢ be an
arbitrary element of L such that (—B —.a® (‘D,— 1 b; < c for any n, m.
Then @7 ,a,<c0 @1_,17 and @A <¢cO (—D L1 b;. Therefore,
D7 b<coO @A, which gives DAD (-BB<c so that (7.1)
holds. W

Proposition 7.2. Let A =\J,.rA,, where 4, ={a}},.,, I,nI, =0 for
t#5, 1, 5T, to be an @ -orthogonal system of a D-poset L and let, for
any teT, 6—) A, existin L, and @, (@D 4,)eL. Then @ 4 exists in L,
and

D4a=D (D4 (7.2)

teT

Proof. Let {a,,...,a,} be a finite sequence from A4, and g;€ 4,
for any i=1, ,n. Then @ ,a, < @7, (D4, ), so that
Pr_,a < @,ET(@A,) Suppose now that @ 7_,a; < ¢ for all a,€4
and any n. Then, for any 4,,...,4, , we have by Proposition 7.1,
@7, (D4,) =D r- 4. so that Dr.(D4,)<c, which
means P ,.(D4,) <c, and consequently, (7.2) holds. W

Corollary 7.3. Let L be a D-o-poset and {a, }. , be a @ -orthogonal
sequence of elements in L such that @ 2_,a, = 1. Then the mapping x
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defined via
XE) = D{a}ier, EcA(R) (7.3)
is a g-observable of L.
Proof. 1t follows from Propositions 7.1. and 7.2. &

In particular, given an element a of a D-poset L, let g, =a*, a;, = a.
Then x, defined by (7.3) is a so-called guestion observable (i.c., an analog
of characteristic functions).

Let A be a subset of D-poset L such that (i) 1e4, (ii) if ae4, then
ateA, (i) if a,beA, a L b,then a@beA, (iv) forany a, beAd, a v, beAd
[(iv*) for {a,}{>, from A4, \/?2,, a;eA], where the join \/, is taken in 4
(not in L), and (v} A with respect to 0, 1 L, and v, is a Boolean (c-)
algebra [for the definition of Boolean algebras, see, e.g., Sikorski (1964) is
said to be a Boolean algebra (Boolean c-algebra) of L.

If A is a Boolean algebra of L, then a @b =a v, b whenever a, be A.
We recall that there are examples of D-subposets* 4 of L (see below) such
that a@bed and a v, b #a @®b.

Let x be an observable of L; then by a range of x we mean the set
R=R(x) ={x(E): Ec#B(R)}. If L is an OMP or an orthoalgebra, the
range %(x) is always a Boolean algebra of L (Varadarajan, 1985; Ptak and
Pulmannova, 1991; Pulmannova, 19934). In difference posets this statement
does not hold, in general. Indeed, let L = &(H), and @ =3I. Then at =37
and the range of the question observable x, is {O,3I, I}, but 3/ v, il =
A D=1

The Boolean character of the range of an observable is an important
feature of observables, and in the frame of effects this problem has been
solved in Lahti and Maczynski (1992). We now present a more general
solution for difference posets.

We say that an observable x of a D-poset L is regular if
x(E) < x(R\E) for some Ec%(R) implies x(E) =0.

Theorem 7.4. An observable (c-observable) x of a difference poset L is
regular if and only if the range %(x) is a Boolean algebra (Boolean
o-algebra) of L. Then

[ee] [ee]

XE)=\ ax(E), x(F)= N 4x(F) (7.4)

i=1 4 i=1

whenever E = )2, E;, F=(\2, F, E, F,eB(R).

i=1

“A subset 4 of a D-poset L is a D-subposet if (i) 1€ 4; (ii) if a,beA,a < b, then b QaeA.
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Proof. Suppose that Z(x) is a Boolean algebra of L and let
x(E) < x(E9). Then 1=x(R)=x(EUE)=x(E) vgx(E) =x(E), thus
x(E) =0.

Conversely, let x be a regular observable. It is easy to see that
0, 1e(x) and if x(E)eZ(x), then x(E)*e(x). Now we proceed by steps.

(1) Let x(G) < x(F), x(F¢). Then x(F), x(F°) < x(G°), so that x(G) <
x(F) < x(G°), which yields x(G) =0.

(i) Let x(E), x(F) be orthogonal elements of #(x). Then x(EnF) <
X(E), x(EnF) < x(F), x(F), which by (i) gives x(E nF) = 0. Therefore,
x(E) = x(E\F), x(F)=x(F\E), and x(E)@ x(F)=x(E\FUF\E)=
x(Ew F)e(x).

(iii) Let {x(E,),...,x(E,)} be @ -orthogonal. Then for F,=
ENUj»:E;, i=1,...,n, we have x(E;) = x(F,), and

x(U E,-)=x(u E)= D x(F,) = @ x(E)eA(x)
i=1 i=1 i=1 i=1

(iv) {X(E}), ..., X(E,)} is @ -orthogonal iff x(E;) L x(E;) for i #J.
Indeed, this follows from the fact that for F, from (iii) we have
x(E;) = x(F;), and

x(O E,-)=x((') F,-)= D x(F) = D x(E)edx)

f=1 =1 i=1 i=1

(v) If {x(E,),...,x(E,)} is € -orthogonal, then

x( U E.«) =\ 2 x(E)

i= i=1

Indeed, if E ={JI_, E;, then X(E) 2 x(E;), i =1, ...,n Let x(G) = x(E,),
i=1,...,n Then {x(G%), X(E)), ..., x(E,)} is, by (iv), € -orthogonal,
and therefore we have

R(x)3x(G) ® @1 X(E;) = x(G°) @ x(E)

which means x(E) < x(G9)* = x(G).
(vi) Let E=1{J7_, E;; then

n

X(E) = \/ a X(E})
i=1
Indeed, every E, is of the form

1 n
E,= |J () E, where E!=E;{, E|=E,

Jiin=0i=1
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Then by (v),
x(E) =\/? x(Fy)

where F, is of the form ()i, Es for some suitable numbers
Jiseeosiy€{0, 1}

If x(G)=2x(E), i=1,...,n, then x(G)=x(F,), and by (V)
x(G) =z x(E).

(vii) Let E={J7_, E, and define G,=|J)'_, E,, F,=E\{J/Z! E..
Then E =), G, = | F,. G, = J!- | F,. Calculate

HE) = @ x(F) = V @ x(F) =\ xG,) = v x(.U, E)
so that if x(G) 2 x(E,), n =1, then by (vi), x(G) 2 x(| i~ E;), which
yields x(G) = x(F). Thus we have proved the first part of (7.4).

Dually we prove the second part of (7.4). This distributivity of %(x)
follows from the following: let A4, B, Ce#(R) be given; then
x(A) A xX(B) v X(C)) =x(A) A (x(BUC) =x(An(BuC))=x(AnB) v
(BN C) =x(A) A x(B) v x(B) A x(C), and this proves that #(x) is a
Boolean (o-) algebra of L. W

Remark 7.5. We recall that in any D-poset L there exist at least two
regular observables, namely the question observables x; and x, correspond-
ing to 1 and 0. On the other hand, there are D-posets which possess no
regular observables with the exception of x, and x,. Such a one is, e.g.,
L =[0, 1] with the natural ordering of real numbers, and @ is the usual
difference of real numbers in the interval [0, 1].

In &(H) there are plenty of regular observables, for example, those
having range in L(H). We note that an observable x is regular iff 4 eZ%(x),
A # 0, implies 4, I — A £ 1] (equivalently, the spectrum of 4 and 7 — 4 is
not contained in [0, 1/2]).

8. ORTHOMODULARITY IN DIFFERENCE POSETS

In the present section, we derive necessary and sufficient conditions
that a subset of a D-poset L satisfies orthomodularity, and the given results
generalize those in Lahti and Maczynski (1992).

A triplet of mutually orthogonal elements (not necessary different)
a;,a,,a; of a D-poset L is said to be a triangle, and is denoted by
Alay, ay, a3). A triangle A(a,, a,, a;) is said to be closed if a, ®a, D a; is
an element of L. This is equivalent to saying {a,, a,, a;} is @ -orthogonal.

Let 4 be a subset of a D-poset L which contains at least one triangle.
We say that A4 is triangle closed, or A-closed, for short, if (i) a‘teAd
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whenever ae A, and (ii) if a,, a5, a5 €4, Aay, 4y, a3), then a, @ a, D a, €A,
a;®aedfor 1 <i<j<3,

We recall that if 4 is A -closed, then 0 and 1 belong to 4. Indeed, there
exists a triangle Af(a;, ad,,a;) in 4. Then b =a, @ a,eA; consequently,
bteA. Observing that {a;,a,,b*}c A4 is a triangle, we have 1=
a,®a,®btecd and 0=1+eA4. ‘

In a subset 4 of a D-poset L the orthomodularity holds if for a < b,
a,beA, we have b =a v, (b A 4at), where the meet and join A ,,v, are
taken in the set A.

Theorem 8.1. A subset 4 of a D-poset L is an orthomodular poset
with respect to 0, 1, <, 1 if and only if 4 is A-closed. Moreover,
av:---va,=a® - -@a, for any set {a,,...,a,} of pairwise orthogo-
nal elements of L.

Proof. The necessity is clear. For the sufficiency we claim to show that
av bexists in A whenever ¢ Lb,and avb=a®b.

Since a@® b = a, b, we have to show that if a, b < ¢ for some ceA,
then a@®b <c. Since {a,b,c'} is a triangle, a@®b@c* <1, hence
a®b<slect=c.

Moreover, by induction, we have a; v---va,=aq,® - -®Pa,, and by
the de Morgan law, a A a* =0 for any a€A.

Let now a<b; then avbl=a@b'i=(bOOa*t and b=
a®®Oea) =av(avb)t. By the de Morgan law in 4, we have
@vb)Yt=0Bnra*),sothatb=av(brat) B

Corollary 8.2. Let A; and A4, be two A-closed subsets of L. Then for
any a,bed,NnA,,if a Lb,thena vib=a®b=a v,b.

Proof. Tt follows easily from Theorem 8.1. M

We say that a D-subposet 4 of a D-poset L is an orthomodular poset
of Lif(i)a,beAd,a L b, thena v, beA, and (ii) orthomodularity holds in
A.

A subset 4 of L is said to be a suborthoalgebra of L if (i) 1eA, (ii)
acA implies aleA, (iii) a,bcA, a L b, then a@beA, and (iv) a @ a for
a€A entails ¢ =0. It is easy to see, owing to the end of Section 4, that a
D-subposet 4 of L is a suborthoalgebra of L iff a < a*, aed, implies
a=0.

Theorem 8.3. Let x be an (¢-) observable of a difference poset L. The
following assertions are equivalent:

(i) x is regular.
(i) 2(x) is a Boolean (o-) algebra of L.
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(iii) R(x) is A-closed.
(iv) %(x) is an orthomodular poset of L.
(v) %(x) is a suborthoalgebra of L.

Proof. The equivalence (i) <> (ii) has been proved in Theorem 7.4.

(i) = (iii). {x(0), x(0), x(R)} is a triangle in %(x). Let now
AX(E), x(F), x(G)) be given. As in the proof of Theorem 7.4, we can
choose mutually disjoint Borel subsets E;, F,,G; so that x(E)=
x(Ey), x(F)=x(F), x(G)=x(G,). Then x(E uF)=x(E)®x(F),
X(E,vGy) =x(E)®x(G), x(F,uG)=x(F)@x(G), XE,vFuG)=
X(E) @ x(F) @ x(G)Ye A(x), so that #(x) is A-closed.

(iti) = (iv). It follows from Theorem 8.1.

(iv) = (i). Let x(E)<x(E°; then for the triangle
A(X(E), x(E9), x(0)) we have 1=x(R)=x(E)® x(E)® x(0) =x(E°),
hence x(E) =0, which proves the regularity of x.

(v) < (D). It now is evident. B

9. BOOLEAN POWERS OF DIFFERENCE POSETS

Let L be a nonempty set and B a complete Boolean algebra with Oy
and 1, as minimal and maximal elements of B. Motivated by Gritzer
(1968) and Drossos and Markakis (1994), we say that the structure L[B]
defined via

ael

L[B] = {feB": a#b = f(a) Af(b) =0z and \/ f(a) = 13} 9.1

is a Boolean power of L (or a Boolean extension).

Boolean powers for OMPs and orthoalgebras have been studied in
Pulmannova (1993¢,h) and in a modified form in Ptdk (1986). In the
present section we give a Boolean power of a difference poset showing that
it is always a D-poset.

Define, for any aeL, a mapping 4: L — B via

N Y if x=a,
a(x)—{OB if x4a, xel (9.2)

Then deL[B].

Theorem 9.1. Let L be a difference poset with <, 0, 1, and ©, and B
be a Boolean complete algebra. For f, geL{B] we define a partial binary
relation < via

fsg itV f)Ag(y)=1s (9.3)

x,yel
x<y
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and for f, g € L[B] with f < g we put f©g: L - B via
(fegx) = \/ f) rgla), xeL (94

abel
x=bQa

The Boolean power L[B] with <, © defined via (9.1), (9.3), and (9.4) is a
difference poset with the minimal and maximal elements 0 and 1, respectively.

Proof. First of all we show that < defined by (9.3) is a partial
ordering on L[B].
Reflexivity. Since f(x) < f(x) for any xeL, we have
V &) Af(p) =V f(x)=1g
xel

x.yel
x<y

Antisymmetry. Let now f < g, g <f; then
1= t V L6) A g(y)]} A { V [e@ Af(v)]}

x,yel uvel
X<y usuv

=V V /&) Agy) Agw) Af@)

x,yel upel
x<y usv

= V /&) Agy) Af@)) = \/L [/(x) A g(x)]

x,yvel
xsysv

so that, for any yelL,
f) = <\/ Sx) A g(X)) A =V L) AS(y) A g =1() A 8(»)

xe L xel

Hence f(y) <g(y). By symmetry, g(y) <f(y); hence f(y) =g(y), yeL,
and f=g.
Transitivity. Let f, g, he L[B] with f < g and g < h be given. Calculate

1y = { V [f(x)/\g(y)} {\/ [g(u)Ah(v)]}

x,yel upvel
X<y usv

=V V Lf®) rg(y) A gw) A h@)]

x,yel uvel
xSy u<v

= V [/ Ag(y) Ah@)

x,ywel
xSysv

<V I A k@) A (\/ g(y)>

x,yel
xsv

=V /&) A h@)]

x,vel
xsv

ie, f<h
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From the above we conclude that f'=g iff \/,., f(x) A g(x) =1;.
Let now feL[B] and 0, 1 L be maximal and minimal elements of L.
Then

V 106 A f(0)] = \/Lf(y) =1y

x,yel
x<y

Hence 0 < f. Similarly
V U@ AT =V f0) =1,

x,yel xel
x<y

so that f<1.

In other words, L[B] with < defined by (9.3) is a poset with the least
and greatest elements 0 and 1, respectively.

Now we claim to show that L[B] is a D-poset with © defined by
(9.4), Indeed, for that it is necessary to show that f©0 = f for any fe L[B],
and if f<g<h, then h@g<hof and (hSf)OHhOg =g0Of.
Calculate

V /) A (f0)]= \/[f(X) NV Sw) A 0(0)]

xel ugf;x
-V | s v ]= v =1

so that fO0 =1
We claim to show that if /' < g, then (9.4) defines an element of L[B].
Let a #b. Then

(201 @) A (g Of)b)
[ v f(X)Ag(y)] A{ \V f(u)/\g(v)]

x,yel uvel
yQx=a vQu==~%

VoV ) Agy) Afw) g

x,yel upel
yOx=avQu==5%

=V V f0)rg(y)=0

x,yel upvel
yOx=avQu==5%

In addition,

VEgenNm=\ V go)rf=\ go) rflw) =1,

xel xel upel uvel
vQuU=x u<vp

which says that g ©feL[B].
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Let f < g < h; then
V (hef)y) r (hOgX)

x,yel
x<y

=\ V V [k Af@) Ah@) Ags)

x.yel uyel sitel
XSy vQu=y18s=x

=V V [h) Agk) Afw)
VEy i,
vOs=x

= \/L [h(®) A g(s) A f(W)]
- [ V i) /\g(s)} A [\/Lg(t) Af(u)J =

Hence h©g < h©f and

V [((hof)Othog)) A (g O]

zel

=V V V (e A heg)x) Aga rf(p)

zel xyel pgel
YOX=290p=1z

=V VvV VvV V \/ [h() A f@W) AR A g(s) A g(g) A S(P)]

zel x.yelL upel sitel pgel
VOX=zvQuU=yIOsS=xqgOp=12

=V V V k@) Af@) Ags)]

zel xyel wuswel
YOx=zus<s=<vy

QU=
rOs=x
sQu=z
=V V teNW) Ated®
zeL x,yel
yQx=1z
=V /) A heg)x) =1,

which proves (h©f)©(h©g) =g2Sf W
Let now B be a Boolean algebra and L a D-poset. The set

L[B]*= {feB": a#b = f(a) Af(b) =0, (L) is finite, \/ f(a) = 13}

ael
is said to be a bounded Boolean power of L. Using the same methods as in

the proof of Theorem 9.1, we may prove that L[B]* with 0, 1, <, ©
defined by (9.2)-(9.4) is a difference poset, too. For L a logic or an
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orthoalgebra, bounded Boolean powers (in an equivalent modified form)
are studied in Ptak (1986) and Foulis and Ptak (1993). We recall that the
properties discussed in the following section also hold for bounded Boolean
powers.

10. PROPERTIES OF BOOLEAN POWERS

Let B be a complete Boolean algebra and L a difference poset. Let
T = {t;:icl} be a resolution of 1,,ie. t; A#; =05if i #jand \/, t; = 1.
If {f;:iel} < L[B], then

fx) = _\/I(fi(x) AL),  xeL (10.1)

is an element of L[B]. For (10.1) we can use /' =\/i, f; A 1; or the “sum”
notation
f=Y s (10.2)
iel

In particular, if {a;: iel} < L and {¢,:iel} is a resolution of 1, then

Y d; -t (10.3)

iel
belongs to L[B]. Conversely, any element fe L[B] can be written in the form
(10.3) for appropriate pairwise different @, in L and a resolution
T = {t;:iel}. Indeed, given feL[B], we put /=L and T = {f(a): acL}.
Then :

f=Ya-1,
asl

where ¢, = f(a), acL.

In addition, we may assume that the resolution of 1, is strictly positive
(i.e., t; # 05 for each 7). This form is called the reduced representation of f
by its values, supposing that the a, are pairwise different. We recall that
in this case f has a unique reduced representation. Indeed, if f=Y,4; - ;=
Y, Ej * 85, 4, 8, > 0p, and {a;} and {b;} consist of pairwise different elements,
then f(x) = 05 iff x # a; for any 4, and f(x) = ¢, iff x = a;, so that g, = b; and
t; = s; for some i and j.

Let L, and L, be two difference posets. The mapping 4: L, > L, is
called a monomorphism if (i) h(1,) = 1,, and (ii) a L b iff A(a) L h(b), and
ha @ b) = h(a) ® h(b). Then h(a') = h(a)*, acL, and h is injective. If & is
surjective, we say that L, is isomorphic with L, (or, without misunderstand-
ing, that L, and L, are isomorphic).

Theorem 10.1. Let L be a difference poset and let B be a complete
Boolean algebra. Then the mappings A: L — L[B], defined via A(a) =4,
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where 4 is defined via (9.2), and : B — L[{B] defined for beB via

b if x=1,
BO)(x)< b€ if x=0,, xelL (10.4)
0z otherwise

are monomorphisms preserving all existing suprema (infima) in L and L[B],
respectively. In particular

1(@ a,.>=_ (-B May)

whenever @, a; exists in L.

Proof. We recall that the partial binary operation @ on L[B] can be
defined either via (2.1) or, equivalently, via

(f®X =\ f(w)Argw), xeL

uvel
uPv=x

and f*(x) =f(x*), xeL.
Since A(@) < A(b) iff a <b, we conclude that if a=\/;a, then
Ma) 2 Ma;) for any i. If for ge L[B] we have g = A(a;) for any i, we have
L=V g rax =\ gy

x,yel yel
x<y yza;

which gives

=\ g» =V g rax

yel x,yel
yza x=sy

so that A(a) <g.

For p we conclude as follows. We have B(b)x) =(1(x) Ab) v
(0(x) A b°) or B(B) =T1-b+0-b. Hence P(1)(x) =1(x) and B(B)(x) =
(1) A b9 v (0(x) A b) = Bb)(x1), since T(x*) =0(x) and 0(x*) = 1(x).
Let feL[B]. Then

b Af(y) if x=1,
BBYx) Af()) =<bAf(y) if x=0,
0z if x#1,, x#0,
and therefore
\/L [BBYx) Af(M] = Af(1) v (\/L L Af(y)]> =bv (b Af(1))

which entails that p(b) < fif and only if b < f(1). For b,, b,eB this gives
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that B(b,) < B(b,) if and only if b, < b,. Now assume that b = \/,5,. Let f
be any upper bound of f(b,) for any i. From b, < f(1) for any i we get
\/:b;<f(1), hence B(b) <f. That is, B(b) =\/,B(b;). This proves that
B: B - L[B] is a complete embedding. W

Theorem 10.2. Let p be a finitely additive state on L and 7 a
completely additive state on B. Then there is a unique finitely additive
state, u ®#, on L[B] such that

wen(f) = Z ua)n(t;) (10.5)

whenever f is in the reduced representation form f=3 4, - ¢,.

Proof. Since the reduced representation form of f is unique, the
right-hand side of (10.5) is defined correctly, and 0 < (u®u)(f) <1 for
any feL[B]. Due to 1=1"1,, we conclude that (u ® #)(1) = 1. In addi-
tion, if f'has any (no reduced representation f = Y ; 5] - 5;, then, for any i we
have 0, # f(a;) =1, =\/; 6;(a;) As;, which gives that, for any i, there is j
such that 7, =; and therefore (u ® n)(f) =Y ; u(bIn(s;), too.

Suppose that f 1 g, f, ge LB]; then we can assume that f and g are of
the form f=),d4,-w, and g=),d,-w;, where u; Lv;, and hence
f®g =Zi (v, ®v;)" - w;, and

wRN(fDg = Z wv; @ v m(w;)
=Z e n(w;) + Z wo; )n(w;)

=AM +uenN(g M

The state y ® n from Theorem 10.3 is said to be a product state of p
and n on L[B].

Kf=Y,d4-1,g= Zj 5] - s; are reduced representations, then f < g iff
a; < b; whenever t; A s; # 0. Consequently, f(b) A fexists for any be B and
feL[B], and is equal to

BOY Af=2d; t; Ab+0-1, A b
Moreover, f(b) A (f@g) =BB) AfDBE) A g.
For a state m on L[B] (L[B]*) define the mapping my, via
My (f) =m(B(b) Af),  feL[B] (feL[B]*)

11. EXAMPLES OF BOOLEAN POWERS

In the present section, we give three special cases of Boolean powers
when (i) B is an atomic complete Boolean algebra, (ii) L is the set of all
effects of a von Neumann algebra, and (iii) B is a set of skew operators.
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We recall that a Boolean algebra B is atomic if, for any ae B, there is
an atom b of B such that b < a. Denote by B, the set of all atoms in B.
Then B, is the resolution of 1.

Let, for any iel, L; with <, 1,, ©; be a D-poset. Then L:=][],,L;
is a D-poset, called a product D-poset of {L;:iel}, when <, 1, and ©
are defined on L as follows: {a,}<{b} iff a, <;b,, icl, 1={1,},
{b:30{a;}=1{b ©,a;}

Motivated by Gritzer (1968), we can prove the following statement:

Theorem 11.1. Let B be an atomic, complete Boolean algebra and L a
D-poset. Let Ly =[]scs, Ly, where L, =L for every beB,. Then Ly is
isomorphic with L[B].

Proof. For {a,}eLy; we define an element of L[B] via ) .5, d, - b. It
is not hard to show that the mapping h:Lz— L[B] such that
{ay} Y bes, 4y * b is a monomorphism from Ly into L[B].

On the other hand, let feL[B] and let it have the reduced representa-
tion f=Y,d, - t,. Then, for any x€L, we have

f(x)=\/ai(x) AL
=\/ V &x) A Ab

i beB,
=\ V a@Aataba\ \ G(x) At nb
beB, i beB, i
b <y blt.
=V V a&@)At;nb
beB i
b=y

If we put a, = a; whenever b < 1, then f=3 , 5 &, - b, which proves
that # is surjective. H

Corollary 11.2. Let u be a g-additive or completely additive state on a
D-poset L and n a completely additive state on an atomic, complete
Boolean algebra B. Then the product state u ® # on L{B] is o-additive or
completely additive, respectively.

Proof. The assertion follows from Theorem 11.1 because then f=
@, f; iff fi=Yres, 8 b, f=Yses,d b, and a, =D, a}. Owing to
(10.5), we obtain the desired result. MW

Suppose that ./ is a von Neumann algebra of operators acting on a
complex Hilbert space H. Denote by &(s/) the set of all Hermitian
operators A on H from & such that O < 4 < I. Then &(&/) with the usual
< and © (as a difference) is a D-poset [in fact, it is a D-subposet of &(H)].
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If B is a complete Boolean subalgebra of the set P(H) of all orthogo-
nal projections on H, then by Bade’s theorem (Bade, 1955; Dunford and
Schwartz, 1971, Section XVIL.3), B is the projection lattice of the Abelian
von Neumann algebra o/ of operators acting on H generated by B, i.e.,
B=P()={Pest: P*=P, P?=P}.

Theorem 11.3. Let L =¢&(o,) be the set of all effects of a von
Neumann algebra o7, of operators acting on a complex Hilbert space H,
and let B = P(</,) be the projection lattice of an Abelian von Neumann
algebra ., of operators acting on a Hilbert space H,. Then L[B]* and
L[B] are isomorphic with D-subposets L,:={}7_, P,® B;: P,e&(H,),
{B;}7., is a finite resolution from B of the identity L} of &(H,® H,) and
L ={3,P.®B;: P,e&(,), {B;} is any resolution from B of I}, respec-
tively.

Proof. (i) Let us consider the set L, of all operators on H, ® H, of the
form ) 7_, P,® B;, where P,eé(</,) and {B,;}?_, is a finite resolution of
the identity I,. Then L, is a D-subposet of &(+/;,® o/,) € &(H, ® H,).
Indeed, the minimal element of L, is of the form O, ® B or P ® O,, where
O, is the zero operator on H, and Peé(«/,), Be P(s/,). We have to verify
the condition of Remark 2.2.

Let P=Y7_, P,® B;; then

PO0O=Y P®BO0O,®L=Y (P,O00,)®B,=Y P,®B =P
i=1 i=1 i=1
We claim that for P,QeL,, P=)7_,P,®B, Q=Y",0,®C; we
have P<Q iff P,<Q; whenever B,C,# O,. Indeed, let P < Q; then
O0<QOP=Y,(00P)®BC, Let peH,,0+#yeB,_C,. Then

0<{(QOPY®Y, d®Y>=Q,OP,) ¢>|V|

which entails P, < Q, . Conversely, if P, < Q, whenever B, C;, # O,, then
easily P < Q.

In addition, if all P; are mutually different, then the representation of
P in the form P=Y7"_, P,®B; (B;# 0,) is unique. Indeed, assume
P=37_P,®B;=)7,0,®C; We have proved that P, = Q; whenever
B,C; # O,. Suppose now that B, C; # O, and choose Y €C; . Then, for any
¢ eH 1

n

P, ®B, ¢ ®Yy =Po ®¢=(Z P,~®B,->¢®¢f

i=1

=<‘§ Q,-®C‘,->¢®¢=Q,,,®C,o¢®¢

J=1
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which gives
Pi,,¢ ®Bi,,‘// = Qj,¢ ® Cjalp = Qj,,¢ ®‘ﬁ

and consequently C; < B; and by symmetry B, <C, .

Therefore, (ii) of Remark 2.2 easily holds.

(ii) For this we recall that the series Y, P, ® B,, where {B;} is any
resolution of I,, strongly converges, and it is an element of §(/, ® o7,).
Using similar arguments to those in the first part of the present proof, we
conclude that L, is a D-subposet of &(/; ® +7,).

The mapping 4 from L[B]* or L[B] into L, or L,, respectively, defined
via h(z,.ﬁ,- B;) =Y ,P;®B, is the desired monomorphism. M

Let now P be a skew operator on a complex Hilbert space H, ie., P
is a bounded linear operator on H with P> = P. Denote by L, (H) the set
of all skew operators on H. For two skew operators P and Q on H we
write P < Q iff PQ =QP =P (which is equivalent to the requirement
Mp<S Mjand Ny = Np, where M, = {Px:xeH} (={xeH: Px =x}) and
Np={xeH: Px =0}.° Then O < P <[ for any PeL,(H) and for any P
we define an orthocomplement P+ of P via P+ = I — P, which entails that
(Mushtari, 1989; Mushtari and Matvejchuk, 1985) L. (H) with respect to
<, 1, 0, and I is an OMP which, if dim H = 3 (Mushtari, 1989), is not a
lattice, and if dim H = oo, then it is not a -OMP, respectively. We recall
that P LQ iff P+ Q <I (equivalently, QP = PQ =0), and then
PvQ=P+Qand PAQ=PQ,and M, , 5 = Mpn My when PQ = QP.
Let B be a complete Boolean algebra of skew operators. Then by Bade’s
result (Dunford and Schwartz, 1971, pp. 2196-2199), B is the set of
all skew operators of the Abelian von Neumann algebra &/ generated by
B, and, in addition, there is a constant X 2 0 such that |P| < K for any
PeB.

We denote by L. (/) the set of all skew operators on H from /. The
ZLy(f) is a sub-OMP of L (H).5

Theorem 11.4. Let L, (%/,) be the set of all skew operators of a von
Neumann algebra 7, of operators acting on a complex Hilbert space
H,, and let B be a Boolean algebra of skew operators on a complex
Hilbert space H,. Then L[B]* is isomorphic with the sub OMP L, 6 =
{31 | Pi®B;: PieLy(,), {B;}}-, is a resolution from B of I,} of the
OMP L.(H,® H,).

3P projects H onto M, parallel to N,,.
SA subset L, of an OMP L is a sub OMP of L if (i) 0,1el,; (ii) a*eL, if aeL,;
(iii) a vbeL, (v takenin L) ifa L b, a, beL,.
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Proof. Let ¢peH,, yeH,; then
PO@Y =Y PPOR@BBY =) P,¢ QBN =) Pp@BY =Pp®y
ij i i

so that P?= P,

Since I=IL®L=Y7,I,®B;, we conclude that I—P=
Z?:l (I, —P,)®B;eL,.

We claim that if P,QeL,, P=Y7.,P,®B,and 0=3",0,®C,
we have P < Q iff P, <Q, whenever B,C; # O,. Indeed, let P <Q and
B, C;, #O,. Then B; C; =B, AC,, and

MPia " Qjo = MBia n MC}o
For
d)EMP,»o, !ﬁeMB,aﬂMc,g, Y #0
we have Pp QY = ¢ @, so that QP @Y = ¢ ® ¥ and
0= -Pop Y|’ =@, -P,)®B,Co®¥|
=12,¢ - P, o7V > = 10,6 — & I7l¥ |’
which entails
peM, .
Similarly, 0+ < P+ entails
Consequently P, <Q, .
Conversely, if P; < Q; whenever B,C; #0,, then PQ = Z PO ®
B,Q;=Y,,P,® B,C; = P, and similarly QP = P.
In addition, if P; are mutually different, then P =3"_, P,® B, has
a unique representation in this form. Indeed, let P=Y"7_, P,®B;=
Y71 Q,®C,. Then P,=Q; if B,C; # 0,. Suppose now that B, C, #0,
and choose
YeM, o
Then, for any
peM Py,
we have

PORY =3 09QCY=0,0RC, Y =P, ¢®Y =08y
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and

Py ®Y =(2Pi®Bi)¢> ®V =3 P06 ® B.CY

=zi Pin,,qb ®Bicj,,‘/’ = Pi,,Qjod) ®Biocj0'//

=Pi,,¢ ®Bijl/’ =¢ ®Bi,,|/’
which gives ¥ = B, ¢, i.e.,
VeM, o
By symmetry,
Mc, < Mp,
so that C; = B, .
Therefore, if P L Q, there are representations of P and Q of the forms
P=Yr P,®B;and Q =Y"_,Q,®B, P; L O, (for which we use refine-
ments of resolutions of I, in B, if necessary), so that

P+0=3 (F+0)@B =3 (PVO)@E =PV

Finally, the mapping H: Y7_, P, - B, Y7_, P, ® B, is the monomor-
phism in question from L[B]* onto L,. W

12. D-POSETS AND QUANTUM MEASUREMENTS

According to Busch et al. (1991), in the traditional Hilbert space
approach, a measurement of an observable x (a POV-measure, in general)
of a physical system & described by a Hilbert space H, is a quintuplet
M=Hy,x,, Ty, f V), where H, is a Hilbert space of a measuring
apparatus &/, x_, is a pointer observable (a POV-measure on H ), T, is an
initial state of «f, f is a pointer function, that is, a measurable function
[ Q- Q_, which correlates the value spaces (Q, #) and (Q,,, #,,) of x and
xy,and V:T(H, ® H,) is a trace preserving positive linear transforma-
tion of the trace-class operators T(H, ® H_) of the composite system
& + o, satisfying the following two requirements:

The first one is as follows:

tr(Tx(F)) = e[ R, (V(T @ T ))x. (S~ (F))] (12.1

for any value set Fe# and for all possible initial states Te T(H,); . Here
R ,V(T®T,)) denotes the reduction of the final state of & + & to &
via relative trace. A quintuplet .# satisfying (12.1) is called a premeasure-
ment.
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The second basic requirement for the quintuplet (H,,, x,,, T, f, V) to
qualify as an x measurement is the objectification requirement: the mea-
surement should lead to a definite result. This condition is satisfied if x_, is
a classical observable, i.e., a PV-measure” which commutes with all other
observables of /.

If also the equation

t(Tx(F)) = to(Zo (V(T ® T )NX(F))

is satisfied for all Fe# and all TeT(H,){, the measurement .# is called
a first-kind measurement.

All the features of a measurement .# that pertain to the object system
& are summarized in the instrument [, of the measurement .#. The
instrument I, is defined as an operation-valued measure [,: % —
L(T(H,))* [where L(T(H))" is the set of all operations, i.e., positive
linear transformations of 7(H,)], defined by

LyF)T=R+V(TRT,)) I®x,(f'(F))

for all Fe#, TeT(H,). Here Z,(V(T ® T, )) means the reduction of the
final state V(T®T,) of & + . to the subsystem . The instrument
reproduces the observable x via the equations

tr(Tx(F)) = tr(I,(F)T)

for all Fe#, TeT(H,); . Further, it gives the nonnormalized final states
I ,(F)T of & on the condition that the measurement leads to a result in F.

Two measurements are called equivalent if the corresponding instru-
ments are equal.

We note that the notion of an instrument can be defined independently
of measurement as an operation-valued measure with some characteristic
properties (Davies, 1976; Davies and Lewis, 1970; Luczak, n.d.).

A measurement .# (or the corresponding instrument I ) is repeatable
if

tr(I 4 (EYU 4 (F)T)) = tr(L,(ENF)T)

for all E, Fe& and all TeT(H,){ .

Following the ideas in Pulmannova (1993a,b, 1994), we will refor-
mulate basic definitions of measurements in the form of Boolean powers of
D-posets. We will assume that a quantum system & is described by a
D-o-poset and a measuring apparatus & is described by a Boolean algebra
B. To describe the coupled system & + of, we may choose either the
Boolean power L[B] (if B is complete) or the bounded Boolean power

"That is, a POV-measure whose range consists only of orthogonal projections.
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L{B1*. At this stage, it is difficult to see which of these approaches is more
appropriate. L{B]* is simpler, but L{B] in the case of discrete measurement
(i.e., if B is atomic) is a D-o-poset, while in general, L[B] and L[B]* are
only D-posets. In both approaches, the basic definitions of a measurement
are similar.

As a physical state space 2 of ¥ + o/ we will consider the convex hull
of the set of all product states, that is, the set of all elements of the form
Y om; @ p;, where o, are positive numbers with sum 1, me®?,, pe?,,
where 2, is a convex set of g-additive states on L and 2 is a convex set
of o-additive (completely additive) states on B is & + &/ is described by
L[B]* (L[B]). Assume that we want to measure an observable x on &. Let
(Q, #) be the value space of x. We choose a measuring apparatus .of
described by B and a g-observable x_, on B (a so-called pointer observable).
If the value space (Q,, # ) of x,, is different from (Q, #), choose a
measurable function f: Q- Q_, (a pointer function). If the initial state of &
is m and we choose m,, as the initial state of o/, then the initial state of
& + of will be the product state m ® m,,. The measurement means an
interaction between & and &/, which results in a change of the state of the
coupled system. This change will be described by a convexity-preserving
transformation V: 2 - 2. If V(m ® m,,) is the final state of & + o7 after
the measurement, then the restrictions V(m®@my) oA and m®@m,, o f
uniquely describe the final states of & and &/, respectively, where A and
are defined in Theorem 10.1. A quintuplet .# = (B, x,, m,, f, V) will be
classified as a measurement of x if

m(x(F)) = V(m @m,) o B(x.(f~1(F)))

for all Fe# and all initial states m of &. We note that since B is a Boolean
algebra, there are no problems with the objectification.
If also the equality

m(x(F)) = V(m @my) o Mx(F))

1s satisfied for all Fe# and all initial states m of &, the measurement .#
is called a measurement of the first kind.
The transformation ¥ can be extended by homogeneity to the positive
cone K(#) = {as: se€?, a« 20}, and then by linearity to K(#) — K(£).
For every measurement .#, an instrument is defined by

Ly(F)m) = V(m @my)pi ,cr-1ey ° 4

for all Fe# and all states me#,. It is easy to see that I ,(F)(m) is a
o-additive measure on L and the state obtained after normalization can be
interpreted as the final state of & after measurement under the condition
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that the measurement leads to a result in the set F. The instrument
reproduces the observable x via the equalities

L,(FYm)(1)=V(m® mA)[i(xﬂ(f—l(F))) o A(1,)
= V(m @m ) (Blx.f~'(F)) A A1)
= m(x(F))

for all Fe# and all me2, .
A measurement # is called repeatable if for all E, Fe# and all m,

Ly(EXLy (F)m)(1,) = L, (EnF)m)(1.)

Two measurements .#, and 4, are equivalent if the corresponding
instruments are equal, i.e.,

Ly (F)(m) = Ly ,(F)(m)

for all Fe# and all m.
The basic result is the following one:

Theorem 12.1. Let a physical system & be described by a D-o-poset L
and let &/ be a measuring apparatus.

(i) If ¥ + o is described by L[B]* for a Boolean g-algebra B, then
for every regular g-observable x on L, there exists a measurement.

(i) If & + o is described by L{B] for some complete Boolean algebra
B, then for every regular o-observable x whose range Z(x) satisfies the
c.c.c. condition [i.e., every chain® in 2(x) is at most countable] there exists
a measurement.

Proof. Let (Q, #) be the value space of x. Let /" = {Ee&F : x(E) =0}
be the o-ideal of x-null sets in & and let B = % /4. Now B is isomorphic
with Z(x), and hence if %#(x) satisfies c.c.c., B is a complete Boolean
algebra, and in addition every o-additive state on B is completely additive.
Let E[E] be the canonical homomorphism which assigns to every
Ee# the corresponding equivalence class [E] in B. Define the observable
Xy : F— Bby x,(E) =[FE], and let the pointer function f be the identity on
Q. Let (E;), be any countable partition of Q consisting of elements of #.
Let (m;); be any sequence of states on L. Let m_,, be an arbitrarily chosen
state on B, and define a mapping V by

Vim@my) = Z m(x(E;))m; @ p;

8A subset M of L is a chain if for any pair of @, b of M we have either a <b or b <a.
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where y;, is the state on B defined by

m(x(E N E;))
m(x(E;))

for every i. Now extend V by convexity to whole 2.

It is easy to see that the quintuplet (B, x,, m,, f, V') is a measurement
ofx. MW

#(ED =

Let us recall some basic properties of an instrument.

Let # = (B, x_,,m,, f, V) be a measurement of an observable x with
value space (2, #) and let I, be the corresponding instrument. For every
me?,,

Ly(Q)(m) =V(m@m,,) o A
and for any Ge# and any me#,,

Ly (GYm) = V(m @ m ) g, © 2

where we put b = x_,(f~(G)). Since V(m ® m,,) is a convex combination
of product states, the mapping I ,(-)m): F — P, is o-additive for every
fixed me#,, that is,

Ly (U E)(m) =Y, Ly(F;)(m)

iel iel
forevery sequence (F;);.; of disjoint sets from #. Similarly as in Pulman-
nova (1994), the first-kind condition can be rewritten in the form

m(x(E)) = L,(Q)(m)(x(E))
which is equivalent to
Ly (EYLy(EYm)(1) = Ly (ENLy(EYm))(1) (12.2)

for any me2, and all Ee# [the proof is the same as in Pulmannova
(1994)].
Now let us consider the repeatability condition

Ly (EXLy (F)m))(1) = L,(E N F)(m)(1)

for all me#, and all E, Fe&.
This condition is equivalent to

Ly (EXL4(EYm))(1) =0 (12.3)

for any m and all E. Comparing (12.2) and (12.3), we obtain the following
result.

Theorem 12.2. A repeatable measurement is of the first kind.
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13. CONCLUDING REMARKS

A Boolean power is a special kind of tensor product of two quantum
structures (orthomodular posets, orthoalgebras, D-posets) if one of them
happens to be a Boolean algebra. The problems with the existence of an
appropriate tensor product of orthomodular posets (or orthomodular
lattices) has led to the introduction of orthoalgebras, where a tensor
product exists in the case that unital sets of states exist (Foulis and
Bennett, n.d.). D-posets are even more general structures than orthoalge-
bras. Their advantage in comparison with orthoalgebras is that they
include the event structure on a Hilbert space, described by the set of
effects, and reflect the “fuzzy approach” to quantum mechanics. It is an
open question whether a tensor product of D-posets exists.

The formulation of some basic properties of quantum measurements
given in Section 12 is an attempt at a more general theory of measure-
ments, where the measuring apparatus is described as a classical object. In
contrast with previous attempts (Pulmannova, 1993a,b, 1994), unsharp
observables also are included.
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